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Abstract Shearlet theory has become a central tool in analyzing gdsenting 2D
data with anisotropic features. Shearlet systems arersgsté functions generated
by one single generator with parabolic scaling, shearind,teanslation operators
applied to it, in much the same way wavelet systems are dyadiings and trans-
lations of a single function, but including a precise cohtricdirectionality. Of the
many directional representation systems proposed in gialkcade, shearlets are
among the most versatile and successful systems. The risagbis being an exten-
sive list of desirable properties: shearlet systems carebhergted by one function,
they provide precise resolution of wavefront sets, thegvaltompactly supported
analyzing elements, they are associated with fast decdtiggoalgorithms, and
they provide a uni ed treatment of the continuum and thetdigiealm.

The aim of this paper is to introduce some key concepts irctiineal representa-
tion systems and to shed some light on the success of shegstems as directional
representation systems. In particular, we will give an ey of the different paths
taken in shearlet theory with focus on separable and cotymagtported shearlets
in 2D and 3D. We will present constructions of compactly supgd shearlet frames
in those dimensions as well as discuss recent results omilitg af compactly sup-
ported shearlet frames satisfying weak decay, smoothaedg]irectional moment
conditions to provide optimally sparse approximations aft@on-like images in
2D as well as in 3D. Finally, we will show that these compastipported shearlet
systems provide optimally sparse approximations of an geseralized model of
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cartoon-like images comprising 6° functions that are smooth apart from piece-
wise C? discontinuity edges.

1 Introduction

Recent advances in modern technology have created a bravevord of enor-
mous, multi-dimensional data structures. In medical imggseismic imaging, as-
tronomical imaging, computer vision, and video procesdimg capabilities of mod-
ern computers and high-precision measuring devices havergied 2D, 3D and
even higher dimensional data sets of sizes that were ifflegast a few years ago.
The need to ef ciently handle such diverse types and hugausutsmf data initiated
an intense study in developing ef cient multivariate enicmdmethodologies in the
applied harmonic analysis research community.

In medical imaging, e.g., CT lung scans, the discontinuityes of the image are
important speci c features since one often wants to distisly between the image
“objects' (e.g., the lungs) and the “background’; thattiss important to precisely
capture theedges This observation holds for various other applicationstireedi-
cal imaging and illustrates that important classes of maultate problems are gov-
erned byanisotropic featuredMoreover, in high-dimensional data most information
is typically contained in lower-dimensional embedded rf@ds, thereby also pre-
senting itself as anisotropic features. The anisotropicctires can be distinguished
by location and orientation/direction which indicatesttbar way of analyzing and
representing the data should capture not only locationalsatdirectional informa-
tion.

In applied harmonic analysis, data is typically modeled @oatinuum setting as
square-integrable functions or, more generally, as digiins. Recently, a novel di-
rectional representation system — so-called shearlets emarged which provides
a uni ed treatment of such continuum models as well as digitadels, allowing,
for instance, a precise resolution of wavefront sets, agitinsparse representations
of cartoon-like images, and associated fast decomposgitguorithms. Shearlet sys-
tems are systems generated by one single generator withgdarscaling, shearing,
and translation operators applied to it, in the same way leaggstems are dyadic
scalings and translations of a single function, but inalgdh directionality charac-
teristic owing to the additional shearing operation (aredahisotropic scaling).

The aim of this survey paper is to introduce the key conceptsrectional rep-
resentation systems and, in particular, to shed some ligttt@success of shearlet
systems. Moreover, we will give an overview of the differpaths taken in shearlet
theory with focus on separable and compactly supportedigitgssince these sys-
tems are most well-suited for applications in, e.g., imageg@ssing and the theory
of partial differential equations.
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1.1 Directional Representation Systems

In recent years numerous approaches for ef ciently repréasg directional features
of two-dimensional data have been proposed. A perfuncistyificludes:steer-
able pyramidby Simoncelliet al. [38], directional Iter banksby Bamberger and
Smith [2], 2D directional waveletdy Antoineet al.[1], curveletsby Candés and
Donoho [5],contourletsby Do and Vetterli [11],bandletsby LePennec and Mal-
lat [37], andshearletsby Labate, Weiss, and two of the authors [34]. Of these,
shearlets are among the most versatile and successfuirsysthich owes to the
many desirable properties possessed by shearlet systaysre generated by one
function, they provide optimally sparse approximationafcalled cartoon-like im-
ages, they allow compactly supported analyzing elemedmty, dre associated with
fast decomposition algorithms, and they provide a uni eshtment of continuum
and digital data.

Cartoon-like images are functions that &# apart forC? singularity curves,
and the problem of sparsely representing such singulsriseng 2D representation
systems has been extensively studied; only curveletsd@}ouiriets [11], and shear-
lets [21] are known to succeed in this task in an optimal wag @so Section 3). We
describe contourlets and curvelets in more details in 8edti4 and will here just
mention some differences to shearlets. Contourlets arstrearted from a discrete
Iter bank and have therefore, unlike shearlets, no contimuheory. Curvelets, on
the other hand, are a continuum-domain system which, usliearlets, does not
transfer in a uniform way to the digital world. It is fair toysthat shearlet theory is
a comprehensive theory with a mathematically rich striechas well as a superior
connection between the continuum and digital realm.

The missing link between the continuum and digital worlddorvelets is caused
by the use of rotation as a means to parameterize directimes of the distinctive
features of shearlets is the use of shearing in place ofieatahis is, in fact, de-
cisive for a clear link between the continuum and digital tarhich stems from
the fact that the shear matrix preserves the integer laffiaitionally, the shear
parameter ranges over a non-bounded interval which hadfeére that the direc-
tions are not treated uniformly, which is particularly inm@nt in applications. On
the other hand, rotations clearly do not suffer from thisalency. To overcome
this shortcoming of shearing, Guo, Labate, and Weiss tegetith two of the au-
thors [34] (see also [20]) introduced the so-called corapéet shearlet system,
where the frequency plane is partitioned into a horizontdlavertical cone which
allows restriction of the shear parameter to bounded iatei{Gection 2.1), thereby
guaranteeing uniform treatment of directions.

Shearlet systems therefore come in two ways: One class lgeingrated by a
unitary representation of the shearlet group and equippédanparticularly “nice'
mathematical structure, however causes a biasednessitwose direction, which
makes it unattractive for applications; the other classidpgjenerated by a quite
similar procedure, but restricted to cones in frequencyalanthereby ensuring an
equal treatment of all directions. For both cases,dbetinuousshearlet systems
are associated with a 4-dimensional parameter space tingsi§a scale parameter
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measuring the resolution, a shear parameter measuringiémation, and a trans-
lation parameter measuring the position of the shearletti@el1.3). A sampling

of this parameter space leadsdiscreteshearlet systems, and it is obvious that the
possibilities for this are numerous. Using dyadic sampigls to so-called regular
shearlet systems which are those discrete systems maingydewed in this paper.

It should be mentioned that also irregular shearlet systeame attracted some at-
tention, and we refer to the papers [26—-28]. We end this@etly remarking that
these discrete shearlet systems belong to a larger clasprasentation systems —
the so-called composite wavelets [23-25].

1.2 Anisotropic Features, Discrete Shearlet Systems, anck§ for
Sparse Approximations

In many applications in 2D and 3D imaging the important infation is often
located aroundcedgesseparating ‘image objects' from “background'. These fea-
tures correspond precisely to the anisotropic structurtresi data. Two-dimensional
shearlet systems are carefully designed to ef ciently elecsuch anisotropic fea-
tures. In order to do this effectively, shearlets are scalsmbrding to a parabolic
scaling law, thereby exhibiting a spatial footprint of szd times 2 17, where 2

is the (discrete) scale parameter; this should be compaitbd size of wavelet foot-
prints: 2 1 times 2 1. These elongated, scaled needle-like shearlets then paiam
directions by slope encoded in a shear matrix. As mentiaméuk previous section,
such carefully designed shearlets do, in fact, perforrmogity when representing
and analyzing anisotropic features in 2D data (Section 3).

In 3D the situation changes somewhat. While in 2D we “onlyéh@ handle one
type of anisotropic structures, namely curves, in 3D a muckersomplex situation
can occur, since we nd two geometrically very different sotropic structures:
Curves as one-dimensional features and surfaces as twendiomal anisotropic
features. Our 3D shearlet elements in spatial domain wilbbsize 2 1 times
2 172 times 2 17 which corresponds to 'plate-like’ elements @& ¥. This in-
dicates that these 3D shearlets system have been “designeitiently capture
two-dimensional anisotropic structures, but neglecting-dimensional structures.
Nonetheless, surprisingly, these 3D shearlet systentpstiiorm optimally when
representing and analyzing 3D data that contain both cur@earface singularities
(Section 4).

Of course, before we can talk of optimally sparse approxmnat we need to
actually have these 2D and 3D shearlet systems at hand.gbewaistructions of
discrete band-limited 2D shearlet frames are already kneem[7, 20, 27, 28]. But
since spatial localization of the analyzing elements ofdheoding system is im-
mensely important both for a precise detection of geoméetures as well as for
a fast decomposition algorithm, we will mainly follow thefsient conditions for
and construction of compactly supported cone-adapted 2@rktis by Kittipoom
and two of the authors [26] (Section 2.3). These resultsigeo® large class of sep-
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arable, compactly supported shearlet systems with “gaadié bounds, optimally
sparse approximation properties, and associated nurigstable algorithms.

1.3 Continuous Shearlets

Discrete shearlet systems are, as mentioned, a sampléohnvefshe so-called con-
tinuous shearlet systems. These continuous shearlets, ofroeurse, also in two
different avors, and we will brie y describe these in this&ion.

1.3.1 Cone-Adapted Shearlets

Anisotropic features in multivariate data can be modelethany different ways.
One possibility is the cartoon-like image class discusdeave@, but one can also
model such 'directional singularities' through distrilmris. One would, for exam-
ple, model a one-dimensional anisotropic structure as i dlistribution of a
curve. The so-calledone-adapted continuous shearlet transfassociated with
cone-adapted continuous shearlet systevas introduced by Labate and the rst
author in [29] in the study of resolutions of the wavefrortfee such distributions.
It was shown that the continuous shearlet transform is nigtate to identify the
singular support of a distribution, but also tbheentation of distributed singular-
ities along curves. More precisely, for a class of bandtichishearlet generators
y 2 L%(R?), the rst author and Labate [29] showed that the wavefronta§ea
(tempered) distributioffi is precisely the closure of the set of poifits), where the
shearlet transform off

D E 0

(@sH 7! fa Sy(AISY 1) ; whereAr= [ Ls

andS = 01
is not of fast decay as the scale parametér 0. Later Grohs [18] extended this
result to Schwartz-class generators with in nitely manyedtional vanishing mo-
ments, in particular, not necessarily band-limited getoesa In other words, these
results demonstrate that the wavefront set of a distribut@n beprecisely cap-
turedby continuous shearlets. For constructions of continubaardet frames with
compact support, we refer to [19].

1.3.2 Shearlets from Group Representations

Cone-adapted continuous shearlet systems and their assbcone-adapted con-
tinuous transforms described in the previous section hale\ery recently — in
2009 — attracted attention. Historically, the continudusaslet transform was rst
introduced in [20] without restriction to cones in frequgritomain. Later, it was
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shown in [8] that the associated continuous shearlet systma generated by a
strongly continuous, irreducible, square-integrablegsgentation of a locally com-
pact group, the so-calleshearlet group This implies that these shearlet systems
possess a rich mathematical structure, which in [8] was tsel@rive uncertainty
principles to tune the accuracy of the shearlet transfornd,vehich in [7] allowed
the usage of coorbit theory to study smoothness spacesatesbwith the decay of
the shearlet coef cients.

Dahlke, Steidl, and Teschke generalized the shearlet grodpthe associated
continuous shearlet transform to higher dimensiBAsn the paper [9]. Further-
more, in [9] they showed that, for certain band-limited ganers, the continuous
shearlet transform is able to identify distributional sifagities. Since this trans-
form originates/comes directly from the unitary group esgmtation, it is not able
to capture all directions, in particular, it will not capéuthe delta distribution on the
xp-axis (and more generally, any singularity with -directions'). We also remark
that the extension in [9] uses another scaling matrix as emetpto the one used for
the three-dimensional shearlets considered in this pamerefer to Section 4 for a
more detailed description of this issue.

1.4 Applications

Shearlet theory has applications in various areas. In guiis we will present two
applications: Denoising of images and geometric separafidata. Before, in order
to show the reader the advantages of digital shearlets, staive a short overview
of the numerical aspects of shearlets and two similar impleations of directional
representation systems, namely contourlets and curydistaissed in Section 1.1.

Curveletd4]. This approach builds on directional frequency pantithg and the
use of the Fast Fourier transform. The algorithm can be ehtly implemented
using (in frequency domain) multiplication with the frequog response of a lter
and frequency wrapping in place of convolution and downysarg. However,
curvelets need to be band-limited and can only have very gpatal localiza-
tion if one allows high redundancy.

Contourletq11]. This approach uses a directional Iter bank, whichgwoes direc-
tional frequency partitioning similar to those of curvelehs the main advantage
of this approach, it allows a tree-structured Iter bank iempentation, in which
aliasing due to subsampling is allowed to exist. Consedyegrie can achieve
great ef ciency in terms of redundancy and good spatial lizetion. However,
the directional selectivity in this approach is arti cialimposed by the special
sampling rule of a Iter bank which introduces various atfs. We remark that
also the recently introducedybrid Wavelet$17] suffer from this de ciency.

Shearlet435, 36]. Using a shear matrix instead of rotation, direuiity is natu-
rally adapted for the digital setting in the sense that theasimatrix preserves
the structure of the integer grid. Furthermore, excellgratial localization is
achieved by using compactly supported shearlets. The diglyt firawback is
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(a) Original image (b) Noisy image

(c) Denoised using curvelets

(e) Denoised using curvelets (zoom) (f) Denoised using shearlets (zoom)

Fig. 1 Denoising of the Goldhillimage (512512) using shearlets and curvelets. The noisy image
in (b) has a peak signal-to-noise ratio of 20 dB. The curvelet-denoised image in (c) and (e) has
a PSNR of 2870 dB, while the shearlet-denoised image in (d) and (f) haSNRPof only 2920

dB.
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that these compactly supported shearlets are not tightegaand, accordingly,
the synthesis process needs to be performed by iterativeoniet

To illustrate how two of these implementations perform, vagehincluded a de-
noising example of the Goldhill image using both curveletsd shearlets, see Fig-
ure 1. We omit a detailed analysis of the denoising resulideawve the visual com-
parison to the reader. For a detailed review of the sheadestorm and associated
aspects, we refer to [16, 33, 35, 36].

The shearlet transform, in companion with a wavelet tramsfdas also been
applied to accomplish geometric separation of “point-emie’-like data. An ar-
ti cially made example of such data can be seen in Figure 2a.d-theoretical
account of these separation ideas we refer to the recentphp®onoho and the

rstauthor [13,14]. Here we simply display the result of teparation, see Figure 2.
For real-world applications of these separation techréque refer to the paper [3]
on neurobiological imaging.

(a) Original point-curve data(b) Separated point-like data(c) Separated curve-like data
of size 256 256. (captured by wavelets). (captured by shearlets).

Fig. 2 Geometric separation of mixed “point-and-curve' data: (@put data. (b) and (c): The
output of the separation algorithm.

In the spirit of reproducible research [15], we wish to mentthat Figure 1d,
1f and 2 have been produced by the discrete shearlet tramgfgslementedin the
Matlab toolboxShearlabwhich has recently been released under a GNU license and
is freely available ahttp://www.shearlab.org

1.5 Outline

In Section 2 we present a review of shearlet theory.4(R?). We describe the
classical band-limited construction (Section 2.2) and aemecent construction of

1 Produced using Curvelab (Version 2.1.2), which is avaddtdm http://curvelet.org

2 The image separation techniques used in Figure 2 are naidiedlin the current version of
ShearLab (Version 1.0), but will be so in a future release.
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compactly supported shearlets (Section 2.3). In Sectioe present results on the
ability of shearlets to optimally sparsely approximatd@an-like images. Section 4
is dedicated to a discussion on similar properties of 3D ibiesystems.

2 2D Shearlets

In this section, we summarize what is known about constrastiof shearlets in
2D. Although all results in this section can easily be exeshi (irregular) shearlet
systems associated with a general irregular set of parasiferescaling, shear and
translation, we will only focus on the discrete shearleteys associated with a
regular set of parameters as described in the next sectiora #fetailed analysis of
irregular shearlet systems we refer to [26]. We rst starthwiarious notations and
de nitions for later use.

2.1 Preliminaries

Forj 0;k2Z,let

20 1k c 0

M= g KT gp i and M= 4

wherec = ( ¢1;C2) andcy; ¢ are some positive constants. Similarly, we de ne

~ 2”9 « 10 -
AZJ_ 0 2] 13(_ k1 ' and MC_

c; 0
0c

Next we de ne discrete shearlet systems in 2D.

De nition 1. Letc=(cy;¢2) 2 (R+)2. Forf;y:y 2 L?(R?) thecone-adapted 2D
discrete shearlet system $Hy ;y ;c) is de ned by

SH(f;y;y;0)= F(fic)[ Y(v:9)[ Y(V:0);
where

F(f:ci)=ff( m):m2ciZ%g;
Y(y;0)=f2ily(SA; m:j 0,d 272 k d22em2 MZ2%;

and

V(0= 21y (GA; m:j 0,d 22 k d22em2 MZ2g:
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If SH(f;y;y;c) is a frame forL?(R?), we refer tof as ascaling functiorandy
andy asshearlets

Our aim is to construct compactly supported functiéng, andy to obtain com-
pactly supported shearlets in 2D. For this, we will descgbaeral suf cient con-
ditions on the shearlet generatgrsandy , which lead to the construction of com-
pactly supported shearlets. To formulate our suf cientdidons ony andy (Sec-
tion 2.3), we will rst need to introduce the necessary niota&l concepts.

For functionsf ;y ;¥ 2 L?(R?), we deneQ:R?> R?! Rby

QUx;w) = jf (X)jif (x+ w)j+ Qu(x; W)+ Qa(x; W); 1)
where
Aaxw)= & & YV(SA ix) Y(STA ix+w)
i Ojkjd 2i=2e
and

QW= a A& V(SA iX) Y(SA ix+w):
I Ojkjd 2i=2e

Also, forc=(c1;¢) 2 (R+)?, let

RO= & Ge*mG( ¢'m) 2+ G(M 'mG( M, 'm) ?
m2Z2nf0g

+(G(Me 'mG( M, m)) 2;

where

G(w) = esssupf (X)jif (x+ w)j] and G(w)= esssu@(x;w) fori= 1;2:
x2R2 x2R2

2.2 Classical Construction

We now rst describe the construction of band-limited shetsrwhich provides
tight frames ofL2(R?). Constructions of this type were rst introduced by Labate,
Weiss, and two of the authors in [34]. Thiassical examplef a generating shearlet
is a functiony 2 L?(R?) satisfying

y(x)= Y (x;x) = Yi(xa) Y2(32);

wherey 1 2 L3(R) is a discrete wavelet, i.e., satis es the discrete Caldeafmition
given by _

&iy12 x)j?=1 foraex2R;

j2z
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with y1 2 C¥(R) and supy: [ 3; 21[ [3:3] andy, 2 L%(R) is a “bump'
function, namely

1 mol_‘

jyalx+Kj?=1 foraex2[ 1;1];
k= 1

satisfyingy, 2 C*(R) andsupy> [ 1;1]. There are several choicesyof andy »
satisfying those conditions, and we refer to [20] for furttetails. The tiling of the

. 4
e \/
C1 !
— —
Cs \
c i
Fig. 3 The cone<C; — C4 and the Fig. 4 Tiling of the frequency
centered rectangl® in the fre- domain induced by band-limited
guency domain. shearlets.

frequency domain given by these band-limited generatatshoosing/ (xi;x2) =

¥ (X2;X1) is illustrated in Figure 4. As described in Figure 3, a coagionC, [ Cgis
covered by the frequency support of shearle® (i ; c) while Co[ C4 is covered by
Y (y;c). For this particular choice, using an appropriate scalingcfionf for the
centered rectanglR (see Figure 3), it was proved in [20, Thm. 3] that the assediat
cgneéadapted discrete shearlet sys&Hiff ;y ;¥ ;(1;1)) forms a Parseval frame for
L4(R?).

2.3 Constructing Compactly Supported Shearlets

We are now ready to state general suf cient conditions ferdbnstruction of shear-
let frames.

Theorem 1 (Thm. 3.4 in [26]).Letf ;y 2 L2(R?) be functions such that
f(x;%) Cp minfljxij % minf1;jxj %

and
jy (x1;x2)j  Ci minf 1;jxqj%g minf 1;jxaj 99 minf1;jxyj 9g; (2)

for some positive constantsC, < ¥ anda > g> 3. De ney (x1;x2) = ¥ (X2;X1),
and let Linf; Lsup be de ned by
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Lint = essiniQ(x;0) and Lsyp= esssu@(x;0):
x2R2 x2R2

Suppose that there is a constdn; > Osuch that0 < Liy;  Lins. Then there exist
a sampling parameter s ( cy;cz) with ¢; = ¢ and a constanksyp< ¥ such that

R(c) < Cint  Linrand Lsup Iisup;

and, further, SHf ;y ;y ;c) forms a frame for B(R?) with frame bounds A and B
satisfying
1

[r—inf Rc] A B jdech[ESUp-’- R(c)]: (3

1
jdetMcj
For a detailed proof, we refer to the paper [26] by Kittipoomd &wo of the authors.
Obviously, band-limited shearlets (from Section 2.2)fgtcondition (2). More
interestingly, also a large class of spatially compactlypmrted functions satis es
this condition. In fact, in [26], various constructions @iapactly supported shear-
lets are presented using Theorem 1 and generalized lowdgass an example of
such a construction procedure is given in Theorem 2 belowhieorem 1 we as-
sumedc; = ¢, for the sampling matris. (or M), the only reason for this being
the simpli cation of the estimates for the frame boudd8 in (3). In fact, the esti-
mate (3) generalizes easily to non-uniform sampling caristg ; c, with ¢; 6 c».
For explicit estimates of the form (3) in the case of non-omf sampling, we refer
to [26].
The following result provides a speci ¢ family of functiosatisfying the general
suf ciency condition from Theorem 1.

Theorem 2 ([26]). Let K;L > 0 be such that L 10 and 3—2L K 3L 2 and
de ne a shearley 2 L%(R?) by

y(x)= mu(ax))f (x)f (2x);  x = (x1;%2) 2 R?;
where ng is the low pass Iter satisfying

K 1+n

L 1
jmo(x1)j? = (cogpx)) ™ & (sin(px1))®; x12 R;

n=0
my is the associated bandpass Iter de ned by
im(x)j% = jmo(xa+ )i% x 2 R;

andf is the scaling function given by

¥ _
fx)= Om(2 'x1); x12R:
i=0
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Then there exists a sampling constént 0 such that the shearlet systefiy ;c)
forms a frame folLl2(C.[ C3) := f 2 L%(R?) :suppf Ci[ Cz for any sam-
pling matrix Mt with c=(¢1;¢) 2 (R+)2ande ¢ 61

Having compactly supported (separable) shearlet framds{€,[ Cz) at hand
by Theorem 2, we can easily construct shearlet frames fawttwe spacé.?(R?).
The exact procedure is described in the following theoremmff26].

Theorem 3 ([26]).Lety 2 L?(R?) be the shearlet with associated scaling function
f1 2 L3(R) both introduced in Theorem 2, and sefxq;x2) = f1(x1)f1(x2) and

Y (X1;%2) = ¥ (X2;X1). Then the corresponding shearlet systen(Sht ; y ; c) forms

a frame for 12(R?) for any sampling matrices MandM. with c= ( ¢1;¢,) 2 (R+)?
ande c¢; €.

These results even generalize to constructions of irreghkzarlet systems [27, 28].

We wish to mention that there is a trade-off betwemmpact supporof the
shearlet generatorsghtnesof the associated frame, asdparabilityof the shear-
let generators. The known constructions of tight shearbahés do not use sep-
arable generators (Section 2.2), and these constructem$e shown taot be
applicable to compactly supported generators. Tightreedd cult to obtain while
allowing for compactly supported generators, but we cam gaparability as in
Theorem 3, hence fast algorithmic realizations. On therdthed, when allowing
non-compactly supported generators, tightness is pessibt separability seems to
be out of reach, which makes fast algorithmic realizatiomy dif cult.

3 Sparse Approximations

After having introduced compactly supported shearletesyistin the previous sec-
tion, we now aim for optimally sparse approximations. To becfse, we will show

that these compactly supported shearlet systems proviiteally sparse approxi-
mations when representing and analyzing anisotropic fegta 2D data.

3.1 Cartoon-Like Image Model

Following [12], we introduceSTAR(n), a class of set8 with C? boundaries|B
and curvature bounded by, as well asE2(n), a class of cartoon-like images. For
this, in polar coordinates, we let: [0;2p) ! [0; 1] be a radius function and de ne
the setB by

B=fx2 R?:jx r(q); x=(jx;q) in polar coordinates

In particular, we will require that the boundaf{s of B is given by the curve
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_ r(g)eodq)
D= (gsinig) @

and the class of boundaries of interest to us are de ned by
00,
supr (@9 n; r ro<l (5)

The following de nition now introduces a class of 'cartodike’ images.

De nition 2. Forn> 0, the seSTAR(n) is de ned to be the set of aB  [0; 1]
such thaB is a translate of a set obeying (4) and (5). FurtEeéf,n) denotes the set
of functionsf 2 L?(R?) of the form

f= fo+ ficp;

where fo; f1 2 C2([0;1]%); B 2 STAR(n), andkfikez = &jaj 2kD?fiky 1 for
i=1;2.

One can also consider a more sophisticated class of calit@images, where the
boundary ofB is allowed to bepiecewise &, and we refer to the recent paper by
two of the authors [32] and to similar considerations for3Recase in Section 4.2.

Donoho [12] proved that the optimal approximation rate foclhs cartoon-like
image modeld 2 E?(n) which can be achieved for almost any representation sys-
tem under a so-called polynomial depth search selectiocegiare of the selected
system elements is

kf fuki C N 2 asN! ¥;

where fy is the bestN-term approximation off. As discussed in the next section
shearlets in 2D do indeed deliver this optimal approxinratage.

3.2 Optimally Sparse Approximation of Cartoon-Like Images

Let SH(f;y;y;c) be a shearlet frame fdr?(R?). Since this is a countable set
of functions, we can denote it H(f ;y ;¥ ;c) = ( Si)i21. We let(S))i2) be a dual
frame of(s;)i2|. As ourN-term approximatiorfy of a cartoon-like imagé 2 EZ2(n)

by the frameSH(f ;y ;¥ ;c), we then take

fu = & hf;sii §i;
i2lN

where(hf; sji)i2|, are theN largest coef cientdf; s;i in magnitude. As in the tight
frame case, this procedure does not always yieldbs Nterm approximation,
but, surprisingly, even with this rather crude selectioogedure, we can prove an
(almost) optimally sparse approximation rate. We speaklofiost' optimality due
to the (negligible) log-factor in (6). The following resstows that our 'new' com-
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pactly supported shearlets (see Section 2.3) deliver tine sgproximation rate as
band-limitedcurvelets [6], contourlets [11], and shearlets [21].

Theorem 4 ([31]).Let ¢> 0, and letf;y;y 2 L?(R?) be compactly supported.
Suppose that, in addition, for adl = ( x1;x2) 2 R?, the shearley satis es

) jy(x)j Ci minf1;jxij@g minf1;jxij 99 minf1;jxj 99 and
" " . . ixj 9
(i) 7=y () jha)j 1+12

wherea > 5,g 4, h2 L(R), and G is a constant, and suppose that the shearlet
y satis es (i) and (ii) with the roles ok; and x, reversed. Further, suppose that
SH(f :y ;y ;c) forms a frame for B(R?).

Then, for anyn > 0, the shearlet frame SH ;y ;y ;c) provides (almost) opti-
mally sparse approximations of function fE2(n) in the sense that there exists
some C 0 such that

kf fuk3 C N 2 (logN)®  asN! ¥; (6)

where {; is the nonlinear N-term approximation obtained by choosiregN largest
shearlet coef cients of f.

Condition (i) can be interpreted as both a condition enguf@imost) separable
behavior as well as a moment condition along the horizontisl, dience enforc-
ing directional selectivity. This condition ensures tha support of shearlets in
frequency domain is essentially of the form indicated inuf@4. Condition (ii)
(together with (i)) is a weak version of a directional vaiighmoment conditiofy
which is crucial for having fast decay of the shearlet coifrits when the corre-
sponding shearlet intersects the discontinuity curve ditimms (i) and (ii) are rather
mild conditions on the generators. To compare with the oglitporesult for band-
limited generators we wish to point out that conditions €gdii) are obviously
satis ed for band-limited generators.

We remark that this kind of approximation result is not aaflié for shearlet
systems coming directly from the shearlet group. One reésothis being that
these systems, as mentioned several times, do not treetidivein a uniform way.

4 Shearlets in 3D and Beyond

Shearlet theory has traditionally only dealt with repréatan systems for two-
dimensional data. In the recent paper [9] (and the acconipamaper [10]) this
was changed as Dahlke, Steidl, and Teschke generalizedtiimma@ous shearlet
transform (see [8, 29]) to higher dimensions. The sheaweisform onL2(R") by
Dahlke, Steidl, and Teschke is associated with the sodtalearlet group iR n
fog R" 1 R" with adilation matrix of the form

3 For the precise de nition of directional vanishing momente refer to [11].
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the form

_1s
3= 01,y
wherel,, denotesth@ nidentity matrix. This type of shearing matrix gives rise to
shearlets consisting of wedges of sizé  a ™ a ™ infrequency domain

wherea ¥ a ™ for smalla> 0. Hence, for smak> 0, the spatial appearance
is a surface-like element of co-dimension one.

In the following section we will consider shearlet systemd f(R3) associ-
ated with a sightly different shearing matrix. More impaittg, we will consider
pyramid-adapte@®D shearlet systems, since these systems treat directi@ngnhii-
form way as opposed to the shearlet systems coming from #rerlsh group; this
design, of course, parallels the idea behind cone-adaesh2arlets. In [22], the
continuous version of the pyramid-adapted shearlet systamintroduced, and it
was shown that the location and the local orientation of theniary set of cer-
tain three-dimensional solid regions can be preciselytigghby this continuous
shearlet transform. The pyramid-adapted shearlet systéeneasily be generalized
to higher dimensions, but for brevity we only consider the#idimensional setup
and newly introduce it now in the discrete setting.

4.1 Pyramid-Adapted Shearlet Systems

We will scale according tparaboloidal scaling matrices A, A, orAy, j2Z,and
encode directionality by thehear matrices S S, or S, k= (ki;k2) 2 Z?, de ned

by

0 . 1 0 ._ 1 0 _ 1
20 0 220 0 2.0 0
Ay=@022 0A; Ay=@0 21 0A; and A;=@ 0 212 0A;
0 0 232 0 0 2% 0 0 2
and
0 1 0 1 0 1
1k ko ) 100 100
S=@0 1 0A; S =@ 1 kA; and S =@0 1 A;
001 001 ki ko 1

respectively. The translation lattices will be de ned thgh the following matrices:
M = diag(cy; cp; C2), M. = diag(cy;c1;c2), andM, = diag(cy;cp; 1), wherec; > 0
andcy > 0.

We next partition the frequency domain into the following gyramids:
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Fig. 5 The partition of the fre-
guency domain: The centered
rectangleR . The arrangement
of the six pyramids is indi-
cated by the 'diagonal’ lines.
See Figure 6 for a sketch of

the pyramids. 4
2
R
X3 0
4
2 2
0
4 2 X2
4
2
X1
8 . . . . .
fxuxaxs) 2R3 X0 Ljxo=xa)  Ljxs=xqj 1g:i=1;
% fxuxxs) 2R3 X Ljxi=xo)  Ljxs=xf 1g:i=2;
b = fOxx)2Rxs Lijxzxg Lijxe=xj 1g9:i=3;
"T3 O xex3) 2R3 xg Ljxo=x1] 1;jXxa=x1j 1g:i= 4;
§ fxaxsxs) 2R3 Ljxa=%  Ljxs=xoj 1g:i=5;
fOaeix) 2R3 :x3  Ljxa=xg Ljx=xj 19:i=6;

and a centered rectangle
R = f(x1; X2, x3) 2 R®: K(x1; X2; Xa)ky < 10:

The partition is illustrated in Figures 5 and 6. This pautitiof the frequency
space allows us to restrict the range of the shear parambidlse case of 'shear-
let group' systems one must allow arbitrarily large shearapeeters, while the
'pyramid-adapted’ systems restrict the shear parametersit2/=%e;d2/=% . It is
exactly this fact that gives a more uniform treatment of tmeddionality properties
of the shearlet system.

These considerations are now made precise in the followengjtibn.

De nition 3. For ¢ = (¢1;¢2) 2 (R+)?, the pyramid-adapted 3D shearlet system
SH(f:;y:y:y:c) generated by;y:y:y 2 L3(R3) is de ned by

SH(fiy:yiyi9= F(fie) [ Y(yio[ Y(V:9[ Y(y:o):
where

F(fic))= fm=f( m:m2cZ3 ;
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P, Ps3
P

P4 P5 PG

(a) PyramidsP 1 andP 4 and (b) PyramidsP , andP 5 and (c) PyramidsP 3 andP ¢ and
the x; axis. the x, axis. the x3 axis.

Fig. 6 The partition of the frequency domain: The 'top’ of the sixagids.

n . ~ )
Y(¥;0= Yikm=2'y(SAy m:j 0jk d 2¥gm2MZz® ;

Y(7:0)= fyjum=2Y(SAy m:j Ojki d 2%em2 Mz,
and
Y(y;0=fyjxm= 2y (SAy m:j 0jki d 27em2 MZ3g;

wherej 2 Ng andk 2 Z2. Here we have used the vector notatjgn K for k =
(k;k2) andK > O to denotgk;j K andjkyj K.

The construction of pyramid-adapted shearlet syst&td§f;y;y;y;c) runs
along the lines of the construction of cone-adapted shesyritems inL2(R?) de-
scribed in Section 2.3. For a detailed description, we ref¢30].

We remark that the shearletsspatial domairare of size 217 times 2 1= times
2 1 which shows that the shearlet elements will become 'plikes-s j ! ¥. One
could also use the scaling maty; = diag(2!; 2/;2/7) with similar changes for
A, andA,;. This would lead to 'needle-like' shearlet elements indtefthe 'plate-
like' elements considered in this paper, but we will not persghis further here,
and simply refer to [30]. More generally, it is possible tomsmler non-paraboloidal
scaling matrices of the fordy; = diag(2/;231;2P)) for0< a;b 1. One drawback
of allowing such general scaling matrices is the lack of &dgbrithms for non-
dyadic multiscale systems. On the other hand, the parasetandb allow us to
precisely shape the shearlet elements, ranging from vatgike to very needle-
like, according to the application at hand, i.e., choosiregghearlet-shape that is the
best ' t' for the geometric characteristics of the considdrdata.

4.2 Sparse Approximations of 3D Data

We now consider approximations of three-dimensional cerdike images using
shearlets introduced in the previous section. The threedsional cartoon-like im-
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agefs?(n) will be C? functions which are smooth apart fror€adiscontinuitysur-
face In [30] it was shown that the optimal approximation rategach 3D cartoon-
like image modeld 2 E2(n) which can be achieved for aimost any representation
system (under polynomial depth search selection proceafuttee approximating
coef cients) is

kf fuk3 C N1 asN! ¥;

where fy is the besiN-term approximation off. The following result shows that
compactly supported pyramid-adapted shearlets do (a)rdekter this approxima-
tion rate.

Theorem 5 ([30]).Let c2 (R+)?, and letf;y;y;y 2 L%(R®) be compactly sup-
ported. Suppose that, for all = ( x1; X0; X3) 2 R3, the functiony satis es:

) jy(x)j Ci minf1;jx1j%g minf1;jxaj 9g minf1;jxoj 99 minf 1;jxsj 99,

" " . . ixj 9

(i) 7=y () jh)j 1+3a

" . . ixaj 9
(i) 7=y () jhoa)i 1+52
wherea > 8,g 4,h2 L(R), and G a constant, and suppose thatandy satisfy
analogous conditions with the obvious change of coordmdtarther, suppose that
the shearlet system $H;y :y :y ;c) forms a frame for E(R3).

Then, for anyn > 0, the shearlet frame SHi;y ;¥ ;y ;c) provides (almost) op-

timally sparse approximations of function®fEZ(n) in the sense that there exists
some C 0 such that

kf fuk3 C N ' (logN)®>  asN! ¥: 7)

Clearly, Theorem 5 is an 'obvious' three-dimensional vensof Theorem 4.
However, as opposed to the two-dimensional setting, awigitstructures in three-
dimensional data comprise d&fvo morphologically different types of structure,
namely surfaceand curves. It would therefore be desirable to allow our 3D im-
age class to also contain cartoon-like images withvesingularities. On the other
hand, the pyramid-adapted shearlets introduced in Sedtibrare plate-like and
thus, a priori, not optimal for capturing such one-dimenaisingularities. Surpris-
ingly, these plate-like shearlet systems still deliver dpgimal rateN ! for three-
dimensional cartoon-like imag&g(n; L), whereL indicates that we allow our dis-
continuity surfacef/B to bepiecewise € smooth;L 2 N is the maximal number of
C? pieces andh > 0 is an upper estimate for the curvature on each piece. We refe
to [30] for the precise de nitions and the proof of the optiagproximation error
rate.

Theorem 6 ([30]).Let c2 (R+)?, and letf;y;y;y 2 L?(R®) be compactly sup-
ported. Foreactb 2 [ 1;1]and % 2 R, de ne @;Xs 2 L2(R?) by

o (X1 X2) = ¥ (Xa: %2 bX2 + Xa);

and, foreachh 2 [ 1;1]and % 2 R, de ne %;Xz 2 L%(R?) by
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b, (X1:%3) = ¥ (X1; bX3+ X23 Xa):

Suppose that, for alt = ( x1;x2;x3) 2 R3, b 2 [ 1;1], and %;x3 2 R, the function
y satis es:

() jy (x)j Ci minf1;jxij2g minf 1;jx1j 99 minf1;jxoj 99 minf1;jxsj 9g,

(i) g% GCax) i hOa)i 1+ P2 for* = 0;1;
T . . ixai 9 R
(i) g% Gh,0ax) | O 1+ 53 for* = 0;1;

wherea > 8,g 4,h2 L(R), and G a constant, and suppose thatandy satisfy
analogous conditions with the obvious change of coordmdtarther, suppose that
the shearlet system SH;y ;y ;v ;c) forms a frame for B(R3).

Then, for anyn > 0 and L2 N, the shearlet frame SH;y ;¥ ;y ;c) provides
(almost) optimally sparse approximations of functiong Egz(n;L) in the sense
that there exists some X 0 such that

kf fuk3 C N ! (logN)>  asN! ¥: (8)

We remark that there exist numerous examplgs;gf, andy satisfying the con-
ditions (i)-(iii) in Theorem 6. One large class of examples separable generators
y:yiy 2 L3R, e,
y(®)=h(x)j (x)j (x); Y(X¥)=] (x)h(x2)j (x); y(¥)=Jj (x1)j (x2)h(xs);
whereh;j 2 L?(R) are compactly supported functions satisfying:

() jA(w)j Ci minf L;jwj?g minf 1;jwj 9g,
() <L (W) G minfLjwj 9 for" =01,
forw2 R, wherea > 8,g 4, andCy;C, are constants. Then it is straightforward
to check that the shearlgt satis es the conditions (i)-(iii) in Theorem 6 and; y
satisfy analogous conditions as required in Theorem 6.
We end this section with a sketch of the proof of Theorem 6 @mgarticu-

lar, give a heuristic argument (inspired by a similar oneDrcurvelets in [6]) to
explain the exponem 1 in (8).

Proof (Theorem 6, Sketch)et f 2 E32(n; L) be a 3D cartoon-like image. The main
concern is to derive appropriate estimates for the sheeoleftcients f;y j.cm .
We rst observe that we can assume the scaling infléa be suf ciently large,
sincef as well as all shearlet elements are compactly supportediand a nite
number does not contribute to the asymptotic estimate weaiarig for. In par-
ticular, this implies that we do not need to take frame elasi&éom the 'scaling'
systemF (f ;c,;) into account. Also, we are allowed to restrict our analysistear-
lets y j:.m, since the frame elemenys;m andy j:m can be handled in a similar
way.
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Lettingjq(f)jn denote thenth largest shearlet coef cientf; y jm in absolute
value and using the frame property®¥(f;y ;¥ ;v ;c), we conclude that

K i & ja(hik
n>N
for any positive integeN, whereA denotes the lower frame bound of the shear-
let frameSH(f ;y ;¥ ;v ;c). Thus, for completing the proof, it therefore suf ces to
show that
& jg(Hj2 C N1 (logN)2 asN! ¥: (9)
n>N
For the following heuristic argument, we need to make som®kications.
Hence, we assumi2 E32(n; 1), that is, that the boundary surfaiB is C? (and not
piecewiseC?). Furthermore, we will assume to have a shearlet of the fip(w) =
h(x1)j (X2)j (X3), whereh is a wavelet ang a bump (or a scaling) function. Note
that the wavelet 'points' in the short direction of the plitee shearlet. We now
consider three cases of coef cient§; y jm -

(@) Shearlety j:.m whose support does not overlap with the boundiy
(b) Shearlety j.«.m whose support overlaps witfB and are nearly tangent.
(c) Shearlety j.:m whose support overlaps witfB, but not tangentially.

o

(a) Sketch of shearlets whose (b) Sketch of shearlets whose (c) Sketch of shearlets whose
support does not overlap supportoverlaps witfiBand  support overlaps withfB,
with 7B. are nearly tangent. but not tangentially.

Fig. 7 The three types of shearlgt..., and boundaryfB interactions considered in the heuristic
argument (explaining the approximation rate!). Note that only a section ofB is shown.

As we argue in the following, only coef cients from case (bijlvee signi cant.
Case (b) is — loosely speaking — the situation in which thealetr breaches, in an
almost normal direction, through the discontinuity suefaas is well known from
wavelet theory, 1D wavelets ef ciently handles such a 'jumigcontinuity.

Case (a)Sincef is C? smooth away fronf/B, the coef cientsj £ juem Jwill
be suf ciently small owing to the waveldi (and the fast decay of wavelet coef -
cients of smooth functions).

Case (b)At scalej > 0, there are at mo€d(2)) coef cients, since the plate-like
element is of size 217 times 2 17 (and “thickness' 21). By assumptions ofi and
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the support size of j.m, we obtain the estimate

. . i\ 1= 1=2 i
b BYikm i kK fky YVikm 1 Ci(2 21)12 Yikm 5 C 2!

for some constants;;C; > 0. In other words, we hav@(2!) coef cients bounded
byC, 2 !. Assuming, the case (a) and (c) coef cients are negligithlenth largest
coef cientjq(f)jn is then bounded by

ja(Hjn Cnk

Therefore, Zy
digHiz2 dcn? Cc x?2dx CN?

n>N n>N N

and we arrive at (9), but without the log-factor. This in tgtrows (7) as well as (8)
(again without the log-factor).

Case (c)Finally, when the shearlets are 'sheared' away from thegahgosition
in case (b), they will again be small. This is due to the vanigimoment conditions
in condition (i), (ii), and (iii)). u

5 Conclusions

Designing a directional representation system that eftlie handles data with
anisotropic features is quite challenging since it needatisfy a long list of desired
properties: it should have a simple mathematical strucitshould provide opti-
mally sparse approximations of certain image classes,oitilshallow compactly
supported generators, it should be associated with fastindeasition algorithms,
and it should provide a uni ed treatment of the continuum digital realm.

In this paper, we argue that shearlets meet all these clgakeand are, therefore,
one of the most satisfying directional systems. To be moeeipe, let us briey
review our ndings for 2D and 3D data:

2D Data.In Section 2, we constructed 2D shearlet systems that eftgieapture
anisotropic features and satisfy all the above requirement

3D Data.In 3D, as opposed to 2D, we face the dif culty that there migkitst
two geometrically different anisotropic features; 1D aral €ingularities. The
main dif culty in extending shearlet systems from the 2D tD 3etting lies,
therefore, in introducing a system that is able to captutk tiese geometrically
different structures ef ciently. As shown in Section 4, as$ of plate-like shear-
lets is able to meet these requirements. In other words:xtemgion from 2D
shearlets to 3D shearlets has been successful in termssefrpireg the desirable
properties, e.g., optimally sparse approximations. lisdberefore seem that an
extension to 4D or even higher dimensions is, if not strddghtard then, at the
very least, feasible. In particular, the step to 4D now "brdguires to ef cient
handling of yet 'other' anisotropic feature.
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We end this paper by listing a few research challenges indgkearch area of

shearlet theory close to the results we presented:

Obtaining better frame bounds for concrete examples of emthpsupported
shearlets.

Answering whether it is possible or impossible to obtain pagtly supported
tight shearlet frames.

Removing the log-factor in Theorems 4, 5, and 6.
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